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ABSTRACT
A fast transition between a standard matter-like era and a late Λ cold dark matter
(ΛCDM)-like epoch (or more in general, a CDM+DE era), generated by a single Uni-
fied Dark Matter component, can provide a new interesting paradigm in the context
of general relativity, alternative to ΛCDM itself or other forms of DE or modified
gravity theories invoked to explain the observed acceleration of the Universe. UDM
models with a fast transition have interesting features, leading to measurable pre-
dictions, thus they should be clearly distinguishable from ΛCDM (and alternatives)
through observations. Here we look at different ways of prescribing phenomenological
UDM models with fast transition, then focusing on a particularly simple model. We
analyse the viability of this model by studying features of the background model and
properties of the adiabatic UDM perturbations, which depend on the effective speed
of sound and the functional form of the Jeans scale. As a result, theoretical constraints
on the parameters of the models are found that allow for a behaviour compatible with
observations.
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1 INTRODUCTION
The acceleration of the expansion of the Universe is, within
the homogeneous and isotropic paradigm of cosmology, a
well-accepted and observationally well-supported reality.
The simplest possible framework explaining this accel-
eration is provided by the concordance ΛCDM model
(Komatsu et al. 2011), where a cosmological constant Λ
in Einstein equations sources the acceleration, while Cold
Dark Matter (CDM) is the main component for structure
formation. Alternatives to Λ are various forms of Dark
Energy (DE) (Amendola & Tsujikawa 2010) or a modified
gravity theory (Nojiri & Odintsov 2011; Tsujikawa 2010;
Clifton et al. 2012). A different approach is to consider
models of Unified Dark Matter (UDM) where a single
matter component is supposed to source the accelera-
tion and structure formation at the same time (see e.g.
Kamenshchik et al. (2001); Bilic et al. (2002); Bento et al.
(2002); Carturan & Finelli (2003); Sandvik et al. (2004);
Scherrer (2004); Giannakis & Hu (2005); Bertacca et al.
(2007); Bertacca & Bartolo (2007); Bertacca et al.
(2008); Balbi et al. (2007); Quercellini et al. (2007);
⋆ marco.bruni@port.ac.uk
† ruth.lazkoz@ehu.es
‡ alberto.rozas@port.ac.uk
Pietrobon et al. (2008); Bertacca et al. (2008); Bilic et al.
(2009); Camera et al. (2009); Li & Barrow (2009);
Piattella et al. (2010); Gao et al. (2010); Camera et al.
(2010); Lim et al. (2010)).
In a previous paper (Piattella et al. 2010) the concept
of UDM models with fast transition was introduced (see
Bassett et al. (2002) for DE models with a sharp transition
in their equation of state). In essence, these models are based
on the idea that the Universe may have undergone a tran-
sition between a standard matter-like era, well described by
an Einstein-de Sitter (EdS) model, and a ΛCDM-like epoch.
If the transition is slow the differences with ΛCDM are neg-
ligible while if the transition is fast, these models show inter-
esting features1 (Piattella et al. 2010; Bertacca et al. 2011).
The transition can be quantified as fast by looking both at
parameters that govern the evolution of the background as
well as at quantities that dictate the dynamics of perturba-
tions. This analysis has been carried out in Piattella et al.
1 In a ΛCDM model of course there is an early matter era when
Λ is negligible, with a smooth slow transition to the epoch when
Λ plays a role. We are instead interested in models where there is
a longer matter era that almost suddenly ends into a ΛCDM-like
late behaviour; in other words, models where the UDM compo-
nent evolves for long time in a CDM-like fashion, and suddenly a
Λ-like term is switched on in the dynamics.
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(2010) for a specific barotropic model and will be generalised
in this paper to a new class of models, but in essence the
transition needs to be fast because: a) we are especially in-
terested in background models that, at least in principle, can
be clearly distinguished from a standard ΛCDM; b) as shown
in Piattella et al. (2010), otherwise the evolution of pertur-
bations is such that observational constraints are violated,
in particular causing a strong deviation from the Integrated
Sachs-Wolfe (ISW) effect occurring in ΛCDM models.
The UDM models with fast-transitions may be an in-
teresting alternative to other explanations of the observed
acceleration of the Universe, providing a good fit to stan-
dard observables such as the CMB and the matter distri-
bution (Piattella et al. 2010) that require consideration of
the perturbations, while at the same time showing inter-
esting new features, leading to measurable predictions. So
at least in principle, UDM models with a fast transition
are able to avoid the fate of some UDM models such as
the generalised Chaplygin gas, which need to become in-
distinguishable from ΛCDM in order to survive observa-
tional tests, which spells their end (Sandvik et al. 2004),
cf. (Gorini et al. 2008; Piattella 2010). On the other hand,
UDM models based on scalar fields, such as the one intro-
duced in Bertacca et al. (2008), can be compatible with ob-
servations. See also Bertacca et al. (2010) for a recent review
on UDM models.
In contrast with more standard CDM+DE models,
where the CDM component is perturbed and leads to struc-
ture formation while the DE component takes care of the
acceleration of the background, with small or negligible ef-
fects on perturbations, the single UDM component must ac-
celerate the Universe and provide acceptable perturbations.
In particular, while CDM density perturbations evolve in
a scale-independent fashion, this is not the case for UDM.
In view of testing models against observations, e.g. with
Markov Chain Monte Carlo methods and likelihood anal-
ysis, these differences may become computationally expen-
sive. In particular, modifying CAMB (Lewis et al. 2000)
to treat fast transition UDM models implies to switch off
CDM while introducing a rapidly varying single inhomoge-
neous component with scale dependent evolution. It is then
a non trivial task to obtain a working code that it is efficient
enough for likelihood analysis (Piattella et al. 2010), given
that the running time of a code like CAMB (Lewis et al.
2000), when dealing with a non-standard model like a fast
transition UDM, increases enormously when the accuracy is
increased in order to retain convergence of the results.
In view of this, and lacking a fundamental model, it
is therefore essential to consider simple phenomenological
models of the fast-transition paradigm for which as much
theoretical progress as possible can be made from analytical
calculations. This then can be used to increase the efficiency
of numerical codes such as CAMB (Lewis et al. 2000) and
CLASS (Lesgourgues 2011) in dealing with these models.
Our first goal here is therefore to look at simple phe-
nomenological recipes, such that the most important vari-
ables required for the numerical problem can be expressed
analytically. It then turns out that, unlike the fast transi-
tion UDMmodel introduced in Piattella et al. (2010), where
the prescription for the fast transition is introduced in the
equation of state, the best recipe to proceed analytically is to
prescribe the evolution of the energy density of UDM. We
then introduce a specific simple new model based on this
recipe and analyse its properties in some detail, establishing
what its range of validity should be if compared if obser-
vations. We find similar results to those in Piattella et al.
(2010) but, given the very different starting points, this is
in itself a non trivial outcome.
The rest of the paper can be outlined as follows. In sec-
tion 2 we introduce the basic equations describing the back-
ground and the perturbative evolution for a general UDM
model. In section 3 we explore three possible prescriptions
for the dynamics of the UDM component. In section 4 we in-
troduce a new UDMmodel with fast transition and study its
background evolution, comparing it to a ΛCDM. In section
5 we analyse the properties of perturbations in this model,
focusing on the evolution of the effective speed of sound and
that of the Jeans length during the transition. The conclu-
sions are drawn in section 6.
2 GENERALITIES OF UDM MODELS
2.1 The background
We assume a spatially flat Friedmann-Lemaˆıtre-Robertson-
Walker (FLRW) cosmology, although many of the considera-
tions in the following sections would apply in a more general
context. The metric then is ds2 = −dt2 + a2(t)δijdxidxj ,
where t is the cosmic time, a(t) is the scale factor and
δij is the Kronecker delta. The total stress-energy tensor is
that of a perfect fluid with energy density ρ and pressure p,
with uµ its four-velocity: Tµν = (ρ+ p)uµuν + pgµν . Start-
ing from these assumptions, and choosing units such that
8piG = c = 1 and signature {−,+,+,+}, Einstein equations
imply the Friedmann and Raychaudhuri equations:
H2 =
(
a˙
a
)2
=
ρ
3
, (1)
a¨
a
= −1
6
(ρ+ 3p) , (2)
where H = a˙/a is the Hubble expansion scalar and the dot
denotes derivative with respect to the cosmic time. Assum-
ing that the energy density of the radiation is negligible at
the times of interest, and disregarding also the small bary-
onic component, ρ and p represent the energy density and
the pressure of the UDM component.
Independently from Einstein equations, projecting the
conservation equations T µν ;ν = 0 along u
µ one obtains the
energy conservation equation
ρ˙ = −3H (ρ+ p) = −3Hρ (1 + w) , (3)
where w = p/ρ represents the equation of state (hereafter
EoS) that is needed to close the system and is the quantity
that characterises the background of our UDM model.
When needed, we shall introduce different components,
each with energy density ρi. From this, we can define the
dimensionless function
Ωi(a) =
ρi(a)
ρcr(a)
, (4)
where ρcr = 3H
2 is the critical density; values today will be
denoted by the parameter Ωi,0.
c© ? RAS, MNRAS 000, 1–11
UDM 3
2.2 Perturbations
Assuming a perfect fluid, perturbations of the FLRW metric
in the longitudinal gauge read
ds2 = −a2(η)
[
(1 + 2Φ) dη2 − (1− 2Φ) δijdxidxj
]
, (5)
where Φ represents the analogous of the Newtonian gravita-
tional potential and we now are using conformal time η.
Defining
u =
2Φ√
ρ+ p
(6)
and linearising the 0-0 and 0-i components of Einstein equa-
tions, one obtains the following second order differential
equation for the Fourier component of u (Mukhanov et al.
1992; Giannakis & Hu 2005; Bertacca & Bartolo 2007;
Piattella et al. 2010):
d2u
d η2
+ k2c2su− 1
θ
d2θ
d θ2
u = 0 , (7)
where
θ =
√
ρ
3(ρ+ p)
(1 + z) , (8)
with z the redshift, 1+z = a−1. The quantity c2s in (7) is the
effective speed of sound and characterises the perturbative
dynamics of our UDMmodel, being also crucially involved in
the growth of the overdensities δρ. Assuming adiabatic per-
turbations this is the same as the adiabatic speed of sound:
c2s = c
2
ad =
dp
dρ
=
dp
dη
dρ
dη
. (9)
Starting from Eq. (7), let us define the squared Jeans
wave number:
k2J =
∣∣∣∣ 1c2sθ d
2θ
dθ2
∣∣∣∣ ; (10)
its reciprocal defines the squared Jeans length: λ2J = a
2/k2J .
An important aspect of UDM models is the possible
manifestation of an effective sound speed significantly dif-
ferent from zero at late times: this generally corresponds to
the appearance of a Jeans length (or sound horizon) below
which the dark fluid does not cluster (e.g. see Hu (1998);
Pietrobon et al. (2008); Piattella et al. (2010)). This causes
a strong evolution in time of the gravitational potential,
which at small scales starts to oscillate and decay, with ef-
fects on structure formation. In general, UDM models may
also exhibit a strong ISW effect (Bertacca & Bartolo 2007).
Thus, the squared Jeans wave number plays a crucial
role in determining the viability of a UDM model, because
of its effect on perturbations, which is then revealed in ob-
servables such as the CMB and matter power spectrum
(Pietrobon et al. 2008; Piattella et al. 2010). As discussed
in Piattella et al. (2010) there are two different regimes of
evolution, respectively for scales much smaller and much
larger than the Jeans length. In practice, any viable UDM
model should satisfy the condition k2J ≫ k2 for all the scales
of cosmological interest, in turn giving an evolution for the
gravitational potential Φ in Fourier’s space of the following
type (we are dealing with the gravitational potential after
recombination so there is no more speed of sound due to
radiation):
Φ(η, k) ≃ Ak
[
1− H(η)
a(η)
∫
a(ηˆ)2dηˆ
]
. (11)
The integration constant Ak = Φ(0, k)Tm (k) is fixed during
inflation by the primordial potential Φ (0, k) at large scales;
Tm (k) is the matter transfer function, describing the evolu-
tion of perturbations through the epochs of horizon crossing
and radiation-matter transition, see e.g. Dodelson (ress).
The explicit form of the Jeans wave number is
k2J =
3
2
ρa2
(1 + w)
c2s
∣∣∣∣12 (c2s −w)− ρdc
2
s
dρ
+
3(c2s − w)2 − 2(c2s − w)
6(1 + w)
+
1
3
∣∣∣∣ . (12)
It is therefore clear from this expression that, if we want an
analytic expression for k2J in order to obtain some insight on
the behaviour of perturbations in a given UDM model, we
need to be able to obtain analytic expressions for ρ, p, w and
c2s . Unfortunately, it is not possible to find such expressions
as functions of η (or t), simply because this requires the
knowledge of an analytic expression for the scale factor as
function of time, i.e. to solve the Friedmann equation (1),
which in general is only possible for very special cases, as is
well known.
3 THREE POSSIBLE PRESCRIPTIONS
A way out of this problem is to disentangle the evolution
of the quantities of interest (ρ, p, w and c2s ) from Einstein
equations, noticing that we can obtain these quantities as
functions of the scale factor a if we use only the conservation
equation (3). This has also the advantage that the expres-
sions so obtained will be the same in any theory of gravity
that satisfies the conservation equations. Eq. (3) becomes,
using a as time variable:
ρ′ = −3
a
(ρ+ p) , (13)
where a prime indicates derivative with respect to a.
We now briefly look at three different possible ways to
prescribe the dynamics of the UDM component and to derive
analytic expressions for the needed variables.
3.1 Starting from w(a)
Suppose that p/ρ = w is pre-assigned as a function of the
scale factor: w = w(a). For instance, w(a) = w0+wa(1− a)
is a typical phenomenological assumption well-motivated
when setting observational constraints on dark energy mod-
els (Chevallier & Polarski 2001; Linder 2003). In principle
this is a convenient practical prescription to model UDM,
because we have a good idea about what type of w(a) we
should have. Then the adiabatic speed of sound
c2s =
dp
dρ
=
dp
da
dρ
da
=
p′
ρ′
(14)
can be computed from the conservation equation (13). In-
deed, from p = wρ we can compute p′, then substituting the
c© ? RAS, MNRAS 000, 1–11
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latter and ρ′ from (13) to obtain
c2s = w − aw
′
3(1 + w)
. (15)
This prescription however doesn’t lead to analytic expres-
sions for ρ(a) and p(a) in general, unless
∫ 1+w(a)
a
da is inte-
grable.
3.2 Starting from p(a)
Prescribing the pressure as a function of the scale factor,
p = p(a), can be useful, e.g. if one is dealing with a scalar
field, in which case this is equivalent to prescribing a La-
grangian, see e.g. Bertacca et al. (2007); Quercellini et al.
(2007); Bertacca et al. (2010) and Refs. therein. Again, we
have a good idea about the functional form that p(a) should
have, so that this also seems a good starting point. Let’s
rewrite the energy conservation (13) as
ρ′ +
3
a
ρ = −3
a
p(a) . (16)
The homogeneous solution is ρm ∝ a−3, i.e. standard matter
(dust), and for a given p(a) an analytic expression for ρ(a)
can be found if E = 3
∫
a2p(a)da =
∫
pdV is integrable,
giving2 ρ = E/V . With this prescription c2s is immediately
found, given p(a) and (16), but an analytic expression for
w(a) can only be found if that for ρ(a) is found.
3.3 Starting from ρ(a)
It is perhaps less obvious what the functional form for ρ(a)
should be, but some guess can be made in view of construct-
ing UDM models with fast transition. In this case we want
to recover a CDM-like behaviour, i.e. an EdS model, at early
times (before the transition), i.e. ρ ≃ ρm = ρM,0a−3, and a
CDM+DE behaviour after the transition. If we want to re-
cover the simplest case of a ΛCDM at late times, we would
have ρ ≃ ρΛ + ρM,0a−3.
Assuming that ρ(a) is given, we can compute ρ′(a) and
then use (16) to obtain p(a) and then p′(a). In this case
therefore any choice of ρ(a) guaranties analytic expressions
for the EoS w(a) and the adiabatic speed of sound c2s (a).
To summarise, given a function (at least of class C3) ρ =
ρ(a) for the energy density, we have the following expressions
for the quantities that enter into the Jeans wave number
(12):
w = −a
3
ρ′
ρ
− 1 , (17)
c2s = −a3
ρ′′
ρ′
− 4
3
, (18)
dc2s
dρ
= − 1
3ρ′2
[
aρ′′′ + ρ′′ − aρ
′′2
ρ′
]
. (19)
Substituting in Eq. (12) from (17)-(19) we can obtain an
analytic expression for the function k2J(a). Armed with this,
we can obtain some insight about the behaviour of adiabatic
perturbations in a model with a specified energy density
ρ = ρ(a).
2 The expansion is adiabatic, and ρm ∝ V −1, thus we can inter-
pret E as the energy of the system in the volume V .
4 PHENOMENOLOGICAL UDM MODELS
WITH FAST TRANSITION
4.1 An overidealised model
Before looking at a possible model for a UDM with fast
transition, we now introduce an overidealised model, using
a Heaviside function to describe an instantaneous transi-
tion. This model can’t serve our purposes, because it is clear
from the expressions above that we need the function ρ(a)
to be at least of class C3, but it is useful to get an idea of
what we want to obtain. We assume that the Universe is
well described by an EdS model before the transition, while
for generality we describe the post-transition era with an
“affine” model (Ananda & Bruni 2006b,a; Balbi et al. 2007;
Quercellini et al. 2007; Pietrobon et al. 2008):
ρ =
{
ρt
(
at
a
)3
a < at
ρΛ + (ρt − ρΛ)
(
at
a
)3(1+α)
a > at
(20)
Of course, any other post-transition model could be cho-
sen. Here ρt is the energy scale at the transition and ρΛ is
the effective cosmological constant: 1 + α > 0 and the en-
ergy density at late times tends to ρΛ, so that the late time
evolution in these models is a-la de Sitter, even if there is
no cosmological constant in the Friedmann and Raychaud-
huri equations, see Ananda & Bruni (2006b,a); Balbi et al.
(2007); Pietrobon et al. (2008). On the other hand, at is not
an independent parameter: using the Friedmann equation
(1) and the second of Eq. (20), and neglecting radiation, we
get
at =

 1−ΩΛ,0
ΩΛ,0
(
Ωt,0
ΩΛ,0
− 1
)


1
3(1+α)
(21)
where Ωt,0/ΩΛ,0 = ρt/ρΛ; this gives a redshift for the tran-
sition zt = a
−1
t − 1. We can then interpret our UDM model
after the transition as made up of the effective cosmological
constant ρΛ and an evolving part, with energy density at the
transition ρm ≡ ρt−ρΛ,3 that decreases after the transition.
In the affine model the energy density of UDM is given
by the second of Eq. (20). If one assumes this model all
the way deep into the radiation era, the evolving part must
have wm → 0 and c2s → 0 in the past in order to recover
standard matter domination at early times, thus the evolv-
ing part can be interpreted as the ”dark matter” component
today. Indeed, the value of the parameter α is extremely con-
strained if one assumes an affine model with adiabatic per-
turbations all the way back to recombination and beyond,
α ≈ 10−7 (Pietrobon et al. 2008) (cf. also Muller (2005)),
making this model indistinguishable from ΛCDM.4 How-
ever, such a strong bound mainly comes from the matter
power spectrum at small scales, k & kJ, where the growth of
perturbations is affected by a non-vanishing kJ. Since this
is an integrated effect, it is reasonable to expect that, if the
3 In this two component interpretation the two energy densities
satisfy their own conservation equations and therefore there is no
coupling between them.
4 The ΛCDM can be obtained as a sub-case of the UDM affine
model for α = 0 (Ananda & Bruni 2006b,a; Balbi et al. 2007);
the constraint is weaker if the perturbations are not adiabatic,
see Pietrobon et al. (2008).
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Figure 1. Illustrative parametric plot of p/ρΛ as a function of
ρ/ρΛ with ρt/ρΛ = 100 (zt ∼ 5.34) for the model specified by
Eq. (24). The ΛCDM model is represented here by the solid hor-
izontal line p/ρΛ = −1, while the line p = 0 represents an EdS
model, i.e. pure CDM. All models asymptotically evolve towards
the effective cosmological constant ρΛ.
affine-like evolution only starts below a transition red-shift
zt, the bound will be much weaker.
It is useful to explicitly incorporate a Heaviside function
H(a− at) in Eq. (20), so that:
ρ = ρt
(at
a
)3
+
[
ρΛ + (ρt − ρΛ)
(at
a
)3(1+α)
− ρt
(at
a
)3]
H(a−at) .
(22)
For α = 0 this reduces to
ρ = ρt
(at
a
)3
+ ρΛ
[
1−
(at
a
)3]
H(a− at) , (23)
representing a sudden transition to ΛCDM. In the following,
we shall restrict our attention to this sub-class of models.
It is now clear that, simply replacing H(a − at) with
a smoother transition function Ht(a − at), we can obtain
simple UDM models with a fast transition.
4.2 A simple model for the background
In this paper, among the many known continuous approxi-
mations to the Heaviside function (Bracewell 2000), we shall
consider the only one that we found compatible with having
c2s > 0:
Ht(a− at) = 1
2
+
1
pi
arctan(β(a− at)), (24)
where the parameter β represents the rapidity of the transi-
tion. In addition to at and β, there is a third parameter in the
model, which is ρΛ, or, equivalently, the corresponding den-
sity parameter ΩΛ,0. From inserting Eq. (24) in Eq. (23) we
see that asymptotically in time, in the limit a→∞, ρ→ ρΛ,
which implies p → −ρΛ. As already mentioned above, ρΛ
plays the role of an effective cosmological constant, i.e. it is
an attractor for Eq. (13). The Universe necessarily evolves
toward an asymptotic de Sitter phase, i.e. a sort of cosmic
no-hair theorem holds (see Bruni et al. (2002, 1995) and refs.
therein and Ananda & Bruni (2006b,a); Balbi et al. (2007)).
In Fig. 1 we show a parametric plot of p vs ρ, normalised to
Β = 500
Β = 100
Β = 50
Β = 10
0.1 0.2 0.5 1.0 2.0 5.0
-1.0
-0.8
-0.6
-0.4
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a
w
Β = 500
Β = 100
Β = 50
Β = 10
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-0.4
-0.2
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a
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Figure 2. Evolution of the UDM parameter w = p/ρ as a func-
tion of the scale factor a for ρt/ρΛ = 10 (at ∼ 0.35, zt ∼ 1.85)
(top panel) and ρt/ρΛ = 20 (at ∼ 0.27, zt ∼ 2.65) (bottom panel).
For reference we also plot: the w = 0 line representing a flat pure
CDM model (an EdS universe); the w = −1/3 line representing
the boundary between the decelerated and the accelerated phases
and the thin black curved line representing the evolution of the
total w for the ΛCDM model with ΩΛ,0 = 0.72. The higher ρt/ρΛ,
the earlier the UDM w transits to that of a ΛCDM. In the future,
for a > 1, all models evolve to a de Sitter phase with w = −1.
ρΛ, where we have assumed, as an example, that the tran-
sition takes place at zt = 5.34, for a representative choice
of values of β. It can be seen that all models gradually ap-
proach the effective cosmological constant ρΛ.
In order to make our UDMmodel close to ΛCDM at late
times, the transition must occur at relatively high redshifts,
such that ρt is quite larger than ρΛ, which corresponds to
a minimum value of the redshift zt. Otherwise, it could be
difficult to have a good fit of supernovae and ISW effect data
(Piattella et al. 2010). For instance, we need zt & 2.65 if we
want to have ρt & 20ρΛ. In Fig. 2 the evolution of the EoS
w is depicted as a function of the scale factor for different
values of ρt/ρΛ and β. As shown, models with a smaller
rapidity β have a background evolution more similar to that
of the ΛCDM model at all times. On the other hand, a larger
β implies a sharper transition between the CDM-like phase
and the ΛCDM phase. Likewise, it clearly illustrates that
the transition has to take place far enough in the past, i.e.
c© ? RAS, MNRAS 000, 1–11
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ρt is larger than ρΛ, in order for the late time evolution of
w to be close to that of the ΛCDM model.
Finally, let us consider the evolution of the three com-
ponents ρr (radiation) ρm and ρΛ, represented by the dimen-
sionless functions Ωi(a), Eq. (4). The evolution of these func-
tions is shown in Fig. 3 for UDM models with fast transition
(β = 500) occurring at different times, contrasted with pure
the CDM (EdS) and ΛCDM models. For UDM and ΛCDM,
it is assumed that today ΩΛ,0 = 0.72. In a flat Universe,
Σi Ωi = 1, and when a component j dominates Ωj ≈ 1, with
the other Ωi ≈ 0. It can be seen from these figures that if
the transition is too late (today in the extreme case zt = 0)
then the matter-radiation equality of the UDM model is ba-
sically the same as in a pure CDM model, i.e. much earlier
than in ΛCDM. In addition, the effective cosmological con-
stant of the UDM becomes dominant at a later time than in
ΛCDM. Since the matter-transition equality dictates when
matter perturbations inside the horizon start to grow, while
the late dominance of the cosmological constant slows down
this growth, the matter power spectrum in fast transition
UDM models with too late a transition will be at odds with
the observed one, with too much power on small scales.
Conversely, we see from Fig. 3 that if the transition
is at zt ∼ 1 the matter-radiation equality is closer to that
of ΛCDM, and it essentially coincides with the latter for
an even earlier transition, zt ∼ 2. Basically, as long as the
transition is at a redshift zt higher than the one at which
ΩΛ = Ωm in ΛCDM, the late time evolution of ΩΛ and Ωm
in the UDM models is the same as in ΛCDM.
4.3 Angular diameter distance
The angular diameter distance is an important quantity that
comes into play in current observations of weak lensing,
Baryon Acoustic Oscillations (BAO) and galaxy clustering
and will become even more important for comparing models
against the new data that will become available from sur-
veys such as Dark Energy Survey (DES), Planck and Euclid.
It is also relevant to measurements of CMB anisotropies. In
view of this, we now briefly comment on the deviation of
the angular diameter distance in our UDM model from that
of ΛCDM. The angular diameter distance, dA, is defined as
the ratio of the actual size △x of an object and the angle
△θ this object subtends orthogonal to the line of sight and
can also be expressed as:
dA =
1
1 + z
∫ z
0
dz′
H(z′)
, (25)
where H(z) is the Hubble function. In Fig. 4, we have show
the angular diameter distance normalised with the Hubble
distance, dH ≡ H−10 , for the ΛCDM model and our UDM
model with a fast transition with β = 500. As it can be seen,
the larger the transition redshift, the smaller the departure
of dA for the UDM with respect to the ΛCDM is. Notice
that dA does not increase indefinitely as z → ∞; it turns
over at z ∼ 1.5 and thereafter more distant objects actually
appear larger in angular size.
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Figure 3. Density dependence of the various components for
UDM models with a fast transition (β = 500) occurring at dif-
ferent times, contrasted with the pure CDM (EdS) and ΛCDM
models, assuming ΩΛ,0 = 0.72 today. Top panel: zt = 0; medium
panel: zt = 1; bottom panel: zt = 2.
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Figure 4. The dimensionless angular diameter distance dA/dH
for the ΛCDM and the UDM model with a fast transition at
β = 500 for different transition redshifts.
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Figure 5. Difference between dA/dH for the ΛCDM and for the
UDM model with a fast transition at β = 500.
5 THE JEANS SCALE AND THE
GRAVITATIONAL POTENTIAL
5.1 The Jeans wave number
We now focus on the Jeans wave number for our UDMmodel
and investigate its behaviour as a function of the speed of
sound, in particular around ρ = ρt, which corresponds to
the middle of the transition where the speed of sound is at
its peak.
By inspection of Eq. (12) we see that a large k2J can be
obtained not only when c2s → 0, but when c2s changes rapidly
as well. In other words, when Eq. (12) is dominated by the
ρ dc2s/dρ term we may say that the EoS is characterised by
a fast transition. These two quantities, c2s and ρ dc
2
s/dρ, are
depicted in Fig. 6 as functions of ρ/ρΛ.
Thus, viable adiabatic UDM models can be constructed
which do not require c2s ≪ 1 at all times if the speed of
sound goes through a rapid change, a fast transition period
during which k2J can remain large, in the sense that k
2 ≪ k2J
for all scales of cosmological interest to which the linear
perturbation theory of Eq. (7) applies.
When we consider a fast transition, it is interesting to
compare the term ρ dc2s/dρ with the remaining ones con-
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Figure 6. Illustrative parametric plots of the speed of sound
and ρ dc2s/dρ as functions of ρ/ρΛ with ρt/ρΛ = 50 (zt ∼ 4)
and β = 500. The speed of sound reaches its maximum value at
ρ = ρt.
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Figure 7. Left-top panel: evolution of ρ dc2s/dρ (solid line) and
B (dashed line) as functions of ρ/ρΛ. Right-top panel: evolution
of ρ dc2s/dρ (solid line) and B (dashed line) as functions of ρ/ρΛ
in a logarithmic scale. Bottom panel: evolution of the Jeans wave
number kJ as a function of ρ/ρΛ where kJ is in h Mpc
−1 units.
The choice of parameters is ρt/ρΛ = 100 (zt ∼ 5.34) and β = 500.
tained in the squared brackets of Eq. (12) for the Jeans
wave number, that is:
B = 1
2
(c2s − w) + 3(c
2
s − w)2 − 2(c2s − w)
6(1 + w)
+
1
3
. (26)
In Fig. 7 we plot ρ dc2s/dρ, B and the Jeans wave number
kJ as functions of ρ/ρΛ.
From Fig. 7 we learn that ρ dc2s/dρ is negative for ρ > ρt,
then for ρ ≈ ρt it increases becoming positive and intersect-
ing the B curve a first time for ρ < ρt. For smaller values of
the energy density, ρ dc2s/dρ decreases again to zero, again
intersecting the B curve. Since the difference between the
two curves is very large, we have depicted them in the right
top panel of Fig. 7 choosing a logarithmic scale. For this rea-
son, the negative part of ρ dc2s/dρ has been omitted. It can
be also seen that the relative maximum of the Jeans wave
number between the two zeros of the curve approximately
corresponds to the point where dc2s/dρ reaches its maximum
value.
The place where the curves ρ dc2s/dρ and B intersect
correspond to the vanishing points of the Jeans wave num-
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Figure 8. The Jeans wave number kJ (in h Mpc
−1 units) for
β = 10 (left-top panel), β = 50 (right- top panel), β = 100 (left-
bottom panel) and β = 500 (right-bottom panel). In each panel,
the three dotted, dash-dotted and dashed lines correspond to
ρt/ρΛ = 10, 20, 50, respectively; the black solid line corresponds
to ρt/ρΛ = 100.
ber kJ, as it can be seen in the bottom panel of Fig. 7. In
general, around these points the corresponding Jeans length
becomes very large, possibly causing all sort of problems
to perturbations, with effects on structure formation in the
UDM model. Defining c2s as in Eq. (18), in Fig. 8 we plot the
Jeans wave number as a function of the redshift for various
values of β and ρt/ρΛ. In this figure, for sufficiently high β
we note that i) in general the Jeans wave number becomes
larger, with a vanishingly small Jeans length before and af-
ter the transition, and ii) it becomes vanishingly small for
extremely short times, so that the effects caused by its van-
ishing are sufficiently negligible, as we are going to show in
the next subsection when we analyse the gravitational po-
tential Φ.
To conclude, we shall make some comments on building
phenomenological UDM (or DE) fluid models intended to
represent the homogeneous FLRW background and its lin-
ear perturbations. A fast transition in a fluid model could
be characterised by a value of c2s > 1 during the transition.
Notice that it is standard to refer to the parameter c2s as the
speed of sound because this is what it would be if Eq. (7) was
a simple wave equation. In reality, c2s is not the speed of sig-
nal propagation because in Eq. (7) we also have a potential
term θ′′/θ and, if there is any signal propagation, this would
only happen on scales smaller than the Jeans length, and
with a speed given by the group velocity (Brillouin 1960).
Therefore, having c2s > 1 does not raise per se any issue with
respect to causality, see Brillouin (1960); Babichev et al.
(2008). More specifically on our model, Eq. (7) is the Fourier
component of a wave equation with potential θ′′/θ, and the
latter does not allow propagation for k ≪ kJ. Therefore, we
note in addition that we can always build our fluid model
in such a way that all scales smaller than the Jeans length
λ ≪ λJ correspond to those in the non-linear regime, for
which this model may not apply. In order to study the be-
haviour of the perturbations of a UDMmodel at these scales,
we would have to go beyond the perturbative regime inves-
tigated here. That would possibly imply to build a more
refined fluid model that could maintain causality and at the
same time be able to deal with the increased complexity of
small scale non-linear physics.
5.2 The gravitational potential
The differential equation that governs the behaviour of the
gravitational potential Φ in our model in terms of the scale
factor a is obtained from Eq. (7):
d2Φ(k, a)
da2
+
(
1
H
dH
da
+
4
a
+ 3
c2s
a
)
dΦ(k, a)
da
+[
2
aH
dH
da
+
1
a2
(1 + 3c2s ) +
c2sk
2
a2H2
]
Φ(k, a) = 0 , (27)
where H = da
dη
/a is the conformal time Hubble function.
Also, H = aH , c2s is given in Eq. (18) and we have assumed
plane-wave perturbations Φ(x, a) ∝ Φ(k, a) exp (ik · x) of
comoving wave-number k ≡ |k|.
On the other hand, the ΛCDM gravitational potential,
ΦΛ, solves Eq. (27) for cs = 0:
d2ΦΛ
da2
+
(
1
H
dH
da
+
4
a
)
dΦΛ
da
+
[
2
aH
dH
da
+
1
a2
]
ΦΛ = 0 ,
(28)
where
H2 = H20
(
ΩΛ,0a
2 +Ωm,0a
−1) , (29)
if we assume that the energy density of radiation is negligible
and ignore the contribution of the baryon matter.
Comparing Eqs. (27) and (28) we see that the gravita-
tional potential in our UDM model has the same evolution
as in a ΛCDM universe in the limit when cs → 0. In particu-
lar, both models behave as an EdS model at early times, so
that for UDM cs → 0 and in both models H2 ∼ a−1, and Φ
is constant in this regime, as in an EdS universe, as is well
known.
The normalised initial conditions are ΦΛ(k; arec) = 1
and dΦΛ/da|arec = 0, where arec stands for the scale factor
at recombination time. Since the class of UDM models we
consider here is constructed to behave as the ΛCDM model
in the early Universe, we thus set the same initial conditions
for both the UDM and the ΛCDM gravitational potentials.
In ΛCDM, the background evolution causes a gradual
time evolution of the gravitational potential when the cos-
mological constant starts to dominate (Hu esis); this causes
an ISW effect. On the other hand, in our UDM model the
evolution of the gravitational potential is determined by the
background and the perturbative evolution of the single dark
fluid and, crucially, by the adiabatic speed of sound c2s . The
gravitational potential stays constant before the transition,
during which a sudden rapid evolution of Φ is induced. The
subsequent evolution is in general scale dependent: for scales
k > kJ, Φ oscillates and decays; for larger scales, k < kJ, the
evolution of Φ becomes scale independent and is governed
by the evolution of the background, mainly by H and to a
small extent by c2s , and Φ approaches its ΛCDM behaviour
in a way that depends mainly on the rapidity β and from the
epoch of the transition, zt. In general, we expect an ISW ef-
fect starting from the transition which can be very different
from the ΛCDM one, cf. Piattella et al. (2010). We show the
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Figure 9. Illustrative plots of the gravitational potential Φ(k; z)
as a function of the redshift z for ΛCDM and for our UDM model
for k = 0.2 h Mpc−1 and different values of β and zt. The black
solid line corresponds to the gravitational potential in the ΛCDM
model with ΩΛ,0 = 0.72.
behaviour of Φ in Fig. 9, where we explore its dependence
on the background parameters β and zt (or, equivalently,
at).
We already know from the evolution of w in Fig. 2 that
for β < 200 the transition is not that fast. This is also appar-
ent in Fig. 9, where we have plotted the normalised gravita-
tional potential Φk(z) = Φ(k; z)/Φ(0; 10
3) as a function of
the redshift z for k = 0.2 h Mpc−1 and different values of β
and zt. For wavenumbers k > knl ≃ 0.2 h Mpc−1, we expect
non-linear matter over-densities contributions to the evolu-
tion of the gravitational potential to become important.
As expected, for large enough values of β the gravita-
tional potential is practically constant in time, correspond-
ing to a pure matter (EdS) background evolution, until
z ∼ zt. From z < zt onwards, its value decreases very fast
until it finally approaches the gravitational potential of the
ΛCDM model. The expected strong ISW effect caused by
this behaviour would be mostly due to the particular expan-
sion history and can be very different from the ΛCDM one.
As a matter of fact, these differences are smaller for zt > 2
and become smaller and smaller at higher transition red-
shifts, until for zt ∼ 100 and larger the fast transition UDM
models practically become indistinguishable from ΛCDM cf.
Piattella et al. (2010).
As we have already pointed out, our UDM model al-
lows the value w = −1 for a → ∞, i.e, it admits an effec-
tive cosmological constant energy density ρΛ at late times.
Hence, if we wanted to compare the predictions of our UDM
model with observational data, we would follow the pre-
scription given in (Piattella et al. 2010), where the density
contrast is δ ≡ δρ/ρA and ρA = ρ − ρΛ is the cluster-
ing ”aether” part of the UDM component (Ananda & Bruni
2006b; Linder & Scherrer 2009). In UDM models gravity is
described by General Relativity, but to link the density con-
trast with the gravitational potential at scales much smaller
than the cosmological horizon we only need the Newtonian
Poisson equation. For z < zrec, where zrec is the recombina-
tion redshift (zrec ≈ 103) we then have:
δ (k; z) = −2k
2Φ(k; z) (1 + z)2
ρA
. (30)
To conclude, we have argued that for an early enough
fast transition with β > 500 and zt > 2 our UDM model
should be compatible with observations. On the other hand,
a study of the matter and CMB power spectra is needed to
study the viability of models with 10 . β < 500, and those
with β > 500 and zt < 2. We shall undertake this work in
the future.
6 CONCLUSIONS
UDM models, when compared with the standard DM +
DE scenario, specifically ΛCDM, are in principle interest-
ing because the dynamics of the Universe can be described
with a single component in the matter sector which trig-
gers the accelerated expansion at late times and is also able
to cluster and produce a satisfactory structure formation.
The challenge for UDM models is however to satisfy ob-
servational constraints while maintaining features that can
make then distinguishable from ΛCDM, otherwise they lose
interest (Sandvik et al. 2004). In this paper we have intro-
duced and examined a new class of UDM models with a fast
transition between an early matter era and a late ΛCDM-
like phase, building on previous work (Piattella et al. 2010;
Bertacca et al. 2011).
First, in Sec. 2, we have introduced some generalities of
UDM models. In Sec. 3 we have considered three possible
prescriptions for building phenomenological UDM models,
with the aim of obtaining models in which all the variables
of interest can be expressed analytically, so that in princi-
ple they could be implemented into numerical codes such as
CAMB (Lewis et al. 2000) and CLASS (Lesgourgues 2011)
while maintaining the code efficiency. Indeed, in comparing
models with observational data this is of crucial importance
in view of likelihood analysis, and a major motivation for
the UDM model presented here: modifying these numeri-
cal codes to deal with fast transition UDM models while
maintaining their efficiency is in general a non trivial task
(Piattella et al. 2010), thus having as many variables as pos-
sible expressed analytically simplifies the task considerably.
While in Piattella et al. (2010) the fast transition was in-
troduced in the equation of state, we have shown in Sec. 3
that the best prescription to proceed as much as possible
analytically is to assume a specific evolution of the energy
density of UDM.
A general feature of UDM models is in the possible dif-
ference of the expansion history with that of ΛCDM, caus-
ing, among other features, a strong ISW effect incompatible
with observations. In addition, in UDM models the effective
speed of sound may become significantly different from zero.
This corresponds, in general, to the appearance of a Jeans
length (or sound horizon) below which the dark fluid can-
not cluster and which, if large enough, can cause a strong
evolution in time of the gravitational potential, preventing
structure formation at small scales. In building satisfactory
UDM parametric models it is therefore crucial to find the
region in parameter space where the Jeans length remains
small enough, well beyond the linear regime that we explore
here.
UDM models with a fast transition, first introduced in
Piattella et al. (2010); Bertacca et al. (2011) are a viable
and interesting alternative to ΛCDM because they seem to
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survive observational tests while maintaining interesting fea-
tures.
The new general phenomenological UDM models we
have introduced in Sec. 4 (following the prescription ob-
tained in Sec. 3) are characterised by a fast transition be-
tween a standard matter era and a post-transition epoch
described by an “affine model” (Ananda & Bruni 2006b,a;
Balbi et al. 2007; Quercellini et al. 2007; Pietrobon et al.
2008) with affine parameter α. We have then focused on
the α = 0 case, which represents a sudden transition to a
ΛCDM-like late evolution. In constructing these models in
practice, we have to choose a step-like function represent-
ing the fast transition. In doing this, for physical reasons
we want to maintain the condition c2s > 0 at all times: af-
ter carrying out an extensive study over many possibilities
(Bracewell 2000) we have chosen the function in Eq. (24) as
the only one we found that complied with this condition. In
Sec. 4 we have also compared the angular diameter distance
between ΛCDM and our UDM with fast transition, finding
small differences of the order of percent when the transition
is fast enough.
Finally, in Sect. 5, in order to study the viability of our
UDM model, we have carried out a study of the functional
form of the Jeans scale in adiabatic UDM perturbations. In
doing so, we have found analytical expressions for the quan-
tities involved in the Jeans wave number and have shown
that our model presents a small Jeans length even when a
non-negligible sound speed is present. Subsequently, we have
analysed the properties of perturbations in our model, focus-
ing on the evolution of the effective speed of sound, the Jeans
scale and the gravitational potential. In general, in building
a phenomenological model, we have chosen its parameter
values in order to always satisfy the condition k ≪ kJ for all
k of cosmological interests to which linear theory applies. In
this way, we have been able to set theoretical constraints on
the parameters of the model, predicting sufficient conditions
for the model to be viable. We have argued that for large
enough values of the rapidity β of the transition and zt our
model should be compatible with observations. Overall, we
have found results for our new UDM model similar to those
in Piattella et al. (2010) but, given that we have started by
prescribing a specific energy density evolution for the UDM
component rather than from a fast transition in the equation
of state, this is a non trivial outcome.
Computing the CMB and the matter power spectra for
our model, for a wide range of parameters values, as well
as a full likelihood analysis for this model and its parame-
ters, including α 6= 0, will be the subject of a forthcoming
work. Other possible extensions of the work presented here
could aim at including isocurvature (entropy) perturbations,
following the prescription of Pietrobon et al. (2008) for the
“affine model”, an “affine” post-transition era (a possibility
that we have considered in Sec. 4.1), as well as formulating
our model in terms of a non-standard scalar field, along the
lines of Bertacca et al. (2011).
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